AD-A201 054

omC FiLe COPY

AFOSR-TR- 88-1195

CENTER FOR STOCHASTIC PROCESSES

Department of Statistics
University of Noria Carolina
Chapel Hill, North Carolina

A BROWNIAN BRIDGE CONNECTED WITH EXTREME VALUES
by
L. de Haan

DTIC

ELECTE
SDecogﬁas
H

Technical Report No. 241
September 1988

WTW—]N X X " |
Approved for public release; 8 l 2 8 n 6 tk
Digtshotion Uriimited

S - s - —

— .




-Jeedde 03 ‘gl °*sisfiiouy
vImanIng ‘[ ‘18 "Iy ‘sesseccsd ejquas djsjemuds jo L3tuuiiuny ‘ueioN ‘4 f 00T

*91E-L6T ‘L8681 ‘9 °1ddy
*204d 2)ISPOIS 18 ‘T ‘seessd0.d jujod UINIIND JO UOEIVEFINOWINY) ‘TISH ‘L ‘66T

18 L[of ‘sousnbes Liwu0jiwis ® I0J FOFISTIMIS I0PI0 SWEIING o3 u) ‘JIsH ‘] ‘961

-Iwedds 03 *ggSI ‘01 **191IIg ‘Y1 MI1IqURoLd 18
Ao ‘1 swe(qosd Juswow jO SUOLINIOS 3IJOFIdXY ‘Asgowy 'S Pue od[oyg-wmaczeuzny I 16T

18 LInf "DV ‘SOIQUIIRA WOPUEI O[qWIS-D jO K3jAlITEsIUcOIMdAy up ‘eS[nzg °f 961

*18 L1 ‘ssowds yowweg U 910G J0US Pez](vieusd
W PUS S10306A WOPURS OIqISIAJP L[e3jUijul jO suOjINUSseidsl sajleg ‘pysutsoy [ 981

18 L1 *So1 peasedxe Sajziuixws 0O peswq seiBeiwiig ‘JeqIesydg “)N'd puw sBujo] ‘Y "6l
‘18 Al ‘esjou ejqwis jo smiojsuwiy BujIdjperd ‘eBuder 'y “©81
1508 ‘081 ‘98 ‘asjasy 18I I8 Ainf ‘(9851-€081) Jewes) PIBIWY ‘ie33eqPerT ‘YN TSI

"1 sunf ‘unj3dellle JO UlWmOp
o[quis-» w13 U sefuleaw Jujscm JO suns JO S0usBIeAuco ey ‘nbbwL )N PWe WedAY "4 ‘161

‘18 ounl *se WITIIEN SNOMIJIN0O sed-cay qija pemawg
#u0j30unj BATEVEIIUT USSAIEq SUOTIVINL 3 W) “FEVZ "N PuS zuwg N ‘Iseiey °Q 061

- Jeedde 03
*+1ddy *J04d I119MP0IY° LS S ‘seesecosd S[qQWIS paasNs JO WSLIXT ‘ yeljupoloweg "D 81

cJendde 03 ‘AP ‘\ITN "L e ‘SIS PeIBfed
SWOS PUS WOLO0Y3 ACJOBOWON-[[OFUN] 8y3 O3 Yowosdde Liviuswe(s uy ‘Siequetiwy "0 ‘96L
18 ‘ouny ‘L33 yquelumions
U} SUDPIEEIOSURII S[qWIdspeid puw sej1jiveps Juprdnoseq ‘Sisqueliey ‘0 “LS81
‘18
o ‘e0ueBISAUCO YUSA JO uojIvIuasssdes Bunulg ‘IWeAle) ‘) pue Rl DA ‘teg “Q°Z ‘98!
*swedde 01 ‘838923044
21ISMPOIZ U0 YWOQPUDY OIDeSTY Su0) D) 18 Awy ‘sesssdoud Jutog ‘oz0jieg “4°Y ‘981
)
Auy ‘203381338 OFIISAMAS 03 POINTEI S988000.d D1IFWIOIS JO SSUID ¥ 10} w3 iiwdo
PRININIL OQ3 JO AU OQI PUS SSIWEIISE [[OZIUNA-ULIPISL ‘SITepAp ‘H PUR 20N ‘L 381
-: -5
‘sessscosd peuiessco A(Tworpojied 10} stei{mre sepies swil Spijewmiwiuoy ‘pang “T'H €8
*18 'idy ‘eouwiaeAco
a3 pum ssessocsd pe3vIessec A[{wotpojied erqeziucwsey ;o uopIwsuessudey ‘pary ‘T'H ‘281
*48 Iwy ‘sseseccid e(quis Oji3smmds jO wmpxEy ‘el jupoloweg ‘9 ‘IS8T

18 ‘IW| "SUDIIGEIOISURII S[RINSTIN 03 UOISUSIXD
Aty pue swejqoad sesujl pesod-1{} 10; suojIntos BMTIeITE} IfasWP0Ig ‘wioSiig ‘Y 081

18 "dwy ‘Teadejuj Jeusiy e(djanm eyl o Niwwey ‘wioSiag 'y 6Ll

*Juesdde 03 ‘GEGI ‘' °1DUY MVIANING [ L9 YOIW ‘epletj wopums Aremiime

a1syewnred oay jo Kiosqy uopidjpesd eq3 up ‘jwery "H PUS semmpy DY ‘Jnduwpirwy "9 Ll
*dwedds 03 ‘@881 ' “1ddy "Joud “\porg

18 Qo ‘sessecoad siqmis [WUOlIowi; J0] ‘IwmAle) ‘4 D watfewy ‘N ‘wawpeswy ‘X ‘111
*Jundds 03

‘8961 ‘awlIvenpvy "1ddy vy °L8 "qe ‘sue(d eq3 up sessscoxd IUIG{ ‘qowgEiey ‘I OLY

"BLL-IET "SH6I Ll "wiinziwidg oy jddy 48 ady ‘sejwlujisem pen{ea sounds
JS[On Aq USATIP SUOTIUNDe UOIINIOAS DIISWD0IG ‘NAIQY-Zeied A PWR dmeri(wl ‘D "SLI

"OSC-E%C ‘8861 ‘SE1 ‘" APTN “WIUN 08 O8] ‘SO[qUlIwA WOpUmI
(w2030310 jo sfuire 10; siequ sBswy jo saw] Buodag ‘sorley "T'¥ PUR "oj20 4 “BLI

98 O ‘SUCTIS[[}O80 POYOIORG-N JOF spuNoq A3j[Iqeqosd ‘nbbul g N Puw WmIAY ‘g “€LI

‘9@ "O8g ‘SUCIIWS WOJAINS
jusposdep 105 SuIn0s enend 3se3i0us jo L3j[weiadp ‘oz0jieg “d°M PUS qOTUNY Y BLI

- seedds 3
‘9861 ‘A3113qUqodd ‘uwuy 9§ D6l ‘SPISIJ o[qEIs g-xeput ;o sejisedoid ywoo ] “wetoy ‘f -{LY }
‘98 ‘oeg ‘siwsdeu; Jeusis ofdiijnm Lq perwesssdes
$8088002d I JNIS-}[08 JO SPU[D W IO] SEIWN}ISS dfy [[eZIUN-UISIPIeL ‘SIFWPOD ‘H "OLL
‘awedde 03 °*Sjefiyy "I83IMg !
‘[ 98 ‘3eg ‘#esss00id WOSIN(00Led MIP- 10} eLis Jeienio [WOrdAL ‘Gl ‘D°g "GPt
* suadde
03 ‘fluowyl uojIVEIOUT SuDLl TTIT ‘08 "AOY ‘S6JOT Ul Prosrugs ¥ Jo eswyd SNSNEIIUNO !
pue epraj{des jO TGOFINGIIISIP S ‘UOSUEAg ‘(Q'D ‘o334 ‘M'd 'TIeqdmD “T°T ‘691 !
‘g8 -oug ‘wIvp SOUNIIMA ! f
®311Ul Jul YIA 8103WuIISe UOTesesBes seswnde 3swel 20 Jousmsgeun) ‘SwWIL) ‘H'E°d@ IO i

Juedde 03 ‘g8t ‘SE ‘M111quqosyd “yddy vy apy
‘98 ‘A0N ‘sajidedsied sousBieanco Jyesa w-L100q3 PUISS0IO W Spies; [OpON ‘wesits ‘[ W ‘081 ]

‘SIE-CIL ‘088t ‘St ‘1T mwysoaiing
‘f *98 "A0N °‘s39nposd JO sENS OA3 JO UDEIOWIIIE S[qEIS IUFOL ‘eMILD) ‘N€'Q “SAH

‘9B "AO) ‘WOLISIOZ 8, [WASSING
PuUs seopnywm 2351d80] ‘SS[qUIIA WOPUR: TRIESTWD) U} SN0} JESUIIIY WO ‘WeIAY ‘J POt

*Q8 "AON °‘SUOJIIUN] [GAJAINS SU1 JO SI0IWELISS IFEI] 30NPosd UO Peswq WeQosd
ojsAlous fuAjAIne o1duNs-0a) SY3 30 S93183IMag ‘FUIWL4 YL PUS UMAIIING.0 N €9t

. “¥10-900

‘4861 ‘Ol ‘"398 IO § YR [ "WIUL 98 ‘AO) "SIUSESS wopues Juspuedepul
OSIANGI O SLBisV 20) sisquii sBiu] jO sany Suoag ‘ny ‘D=1 puw sofdwg ‘1§ "B

~susdde 03 ‘w)ieEwig "oy idy ‘g8 ‘390
‘hsoeqy Bupieifl} 03 swORIWdde $31] pUw WIMMIO; Jwy-wwmmleg w3 W) ‘sETPwesEy 1Y ‘191

| o ,




- ~ - = = s ==

1 UNCLASSIFIED
SECURITY CLASSIFICATION OF THIS PAGE

REPORT DOCUMENTATION PAGE

4 1s. REPORT SECURITY CLASSIFICATION 1b. RESTRICTIVE MARKINGS
1 UNCLASSIFIED
H ECURITY CLASSIFICATION AUTHORITY 3. DISTRIIUTlON/AVAILAIH:ITV OF REPORT
4 2 sECU ;J A Approved for Public Release; Distribution
2b. DECLASSIFICATION/DOWNGRADING SCHEDULE Unl lmted
NA
ii 4. PERFORMING ORGANIZATION REPORT NUMBER(S) 8. MONITORING ORGANIZATION REPORT NUMBER(S)
Technical Report No. 241 .
) P AFOSR-TR- 88-1195
d 6a. NAME OF PERFORMING ORGANIZATION Bb. OFFICE SYMBOL 7s. NAME OF MONITORING ORGANIZATION
{ University of North Carolina (I applicadle) AFOSR/NM
e te 0 DCN3 Proce D g
6c. ADDRESS (City. Stetv and ZIP Code) =~ ”.B‘i?lo“s: ]ff)“,' State and ZIP Code)
Statistics Department g.
CB #3260, Phillips Hall Bolling AFB, DC 20332-6448
hap Hi N 00-3260
8s. NAME OF FUNDING/SPONSORING 8b. OFFICE SYMBOL 9. PROCUREMENT INSTRUMENT IDENTIFICATION NUMBER
ORGANIZATION (If applicedle)
AFOSR NM F49620 85C 0144
8c. ADDRESS (City, sulp and ZIP Code) 10. SOURCE OF FUNDING NOS.
r Bldg. 410 . r:oca:xo rnz:)sc*r TASK WORK UNIT
. . NO. NO.
| Bolling AFB, DC 20332-6448 6= 1102F 2304 AZ leave blnk
1. TITLE (Include Security Clamification) o Broynjan bridge connected with extreme values : I
q

12. PERSONAL AUTHOR(S)
de Haan, L.

13s. TYPE OF R.EPO‘W 13b. TIME COVERED 14. OATE QF REPORT (Yr, Mo., Day) 15. PA COUNT
preprint emow 1/9/88  1531/8/89 1888 Septenber 5
18. SUPPLEMENTARY NOTATION
N/A
)|
' 17. COSATI CODES 18. SUBJECT TERMS (Continue on reverse if necessary and identify by block number)
£i€L0 | cROuP _SUB. GR, Key words and phrases: N/A

XXXAXAXXXXTXXX

19. ABSTAACT (Continue on reverse if necessary and identify by dlock number)
A stochastic process formed from the intermediate order statistic is shown to
converge to a Brownian bridge under conditions that strengthen the domain of

! attraction conditions for extreme-value distributions.

20. OISTAIBUTION/AVAILABILITY OF ABSTRACT 21. ABSTRACT SECURITY CLASSIFICATION
uncrassirieo/unLIMiTEDXT same as aer. O otic usens OJ UNCLASSIFIED ’
22s. NAME OF RESPONSISLE INDIVIDUAL 22b. TELEPHONE NUMBER 22c. OFFICE SYMBOL
’ Major Brian W. Woodruff (20';".;'6';‘_ ‘;'5‘2:"" AFOSR/NM A
1 DD FORM 1473, 83 APR EOITION OF 1 JAN 73 1S OSSOLETE. _UNCLASSIFIED 2
z

SECUMITY 1 ACCIEIFATIAN AE TLIC BaAre

mm s av e a emes

P —————————

_i P .. et .- -




A Brownian bridge connected with extreme values

L. de Haan

Erasmus University Rotterdam
and

Center for Stochastic Processes
University of North Carolina

Abstract
A stochastic process formed from the intermediate order statistic is shown to
converge to a Brownian bridge under conditions that strenghten the domain of

attraction conditions for extreme-value distributions.

va rndo |
/\Jnim.\ VanM.G’J’.LJ J(MAE\J)"AI’N\ /Vql!:;‘d / r'/,wj (—\__-

1. Introduction
Suppose Xl, X,, ... are ii.d. random variables from some distribution
function F. Let X <..<X be the n—th order statistic.

(1,n) (n,n)
It is well-known (cf. e.g. Resnick 1987) that, if F is the domain of
attraction of an extreme-value distribution G‘Y’ the point process represented

by the points

. X. ~-b_ s
i i n
{(ﬁ’ a )}.

n i=1

(with a > 0 and bn chosen appropriately, n = 1, 2, ...) converges (n»00) in
dG_(x)

distribution to a Poisson process with mean measure dt'_G:(_xT From this

convergence one can infer the joint limiting distribution of extreme order

statistics (X( n,n)’

distributions for intermediate order statistics X

wery x(n—k n)) with k fixed (n+c). However limiting
(n-k,n) where k = k(n) » o
k(n)/n +» 0 (n+00) cannot be inferred from the above~mentioned point process

convergence.

IfFx)=1- e X (x > 0), then by Rényi’s representation X and the

(n-k,n)
stochastic process {x(n—k +ks],n) ~ x(n—k,n)}05ssl are independent. Since the

latter is equal in distribution to {X([ks], k)}Osssl’ it converges - if

Research supported by AFOSR F49620 85C 0144 at the Center for stochastic
processes, Chapel Hill N.C.




properly normalized ~ to a Brownian bridge, provided k = k(n) » 00 (n+00). We
are going to extend this behaviour to any distribution function satisfying a
natural strengthening of the conditions for the domain of attraction of an
extreme-value distribution.

So, in contrast with the situation for extreme order statistics, the process
convergence underlying the limit behaviour of intermediate order statistics,
is Gaussian. The same phenomenon by the way is present in the neighborhood of
a quantile of the distribution (compare the asymptotic normality of sample

quantiles with the point process convergence of de Haan and Resnick (1981)).
2. The results

Theorem 1

Define U:= (l—lp)" (inverse function) and suppose U has a positive derivative
U’. Suppose further that U € RV_ and there exists a positive function a such
that for some p > 0 and all x > 0 (with either choice of sign)

-y -7y ~-p
o (tx) U(tx) -t TU(E) .  x T -1
(2.1) :;m- ) =+

(read + log x for the right-hand side if p = 0), then for k = k(n) » oo,
k(n) = o(n/g*(n)) where g(t):= t>~ 2V {U(t)/a(t)}?, noco

1. there exists a sequence of Brownian bridges Bn( s) such that for all € > 0

X - X —y
(2.2) sup VEsTH__(n-[ks],n) “"“"“) +1 - s 1—Bn(s)+0
0<s<l = F(X gy o) HF (X ) j

in probability (n»00).

X - U(g)
(23) VK i“;“’“) - k" i asymptotically standard normal.

E- U'(E)




-

-3~

3. the process under 1. and the random variable under 2. are asymptotically

independent.

Before proceeding to the proof of the theorem we first formulate condition
(2.1) in terms of the distribution function and its density (for the proof of
the equivalence see Dekkers and de Haan 1988, section 2 and appendix).

Proposition 2.1
Relation (2.1) with p = 0 is equivalent to:
for y > 0: :t1+1/7F'(t) € lI(b),

for 7 < 0: U(oo):= lim U(t) < o and # VYR U()-c7Y) € meb),
t>00
for v = 0: let f = (1-F)/F a.nd x*:= sup{x|F(x) < 1}. There exists a positive

function o with oz(t) +0 (Mx ) such that for x > 0 locally uniformly

1-F(t4+xf (1))

-X
¥ 1I-F(t) - € X2 —x
im Ot(t) =:§—-e .
t4x

Proposition 2.2
Relation (2.1) with p > 0 is equivalent to:
for v > 0: for some ¢ > 0 the function t1+1, YF'(t) - c is of constant sign and

“m(xt)l””r(tx> P
troo YRty -

(regular variation with exponent —p, notation :{t1+1/ YF'(t) -c}e RV_p).

for ¥ < 0: for some ¢ > 0 the function 1{1;-1"1/7F'(U(oo) - t"l) -c}e RV_p

The proof of the theorem will be broken up in a series of lemma’s. L
Unanacunced 0
Lemma 1 © Justificaticn
e ——————— Rl ‘-‘*—q—_q
~,
Relation (2.1) implies pT1S .
copY By
\NSPECTED Di.:t,ribution/
. 13
(2.4) U ERVy-l __Avatlabilsty Cvdes
'Avail and/or
Dist | Special




(i.e. U’ is regularly varying at infinity with index y-1) and

Ugtx) - U(t) _ x"

(2.5) :lf;{ 0 = 1} fa,(t) = ¥(x)

for x > 0 locally uniformly, where a, and a, are positive functions and

=P
xy{x _; 1 } oy 20
(2.6) : \Ill(x) =

(log x)2/2 ¥y =0.

Furthermore
y U(t) Y>0
(2.7 agt) =4 t U’(t) y=0
-7{U(0) - U(t)} v<0
and
vy Lagt) tT/U(t) y>0
(2.8) a,(t) =4 a(t)/{t.U" ()} y=0
(=y)"'a(t) tV/{U(e) -U(t)} ¥ <O.
Corollary 1
a, € RV‘Y and a € RVO' Moreover lim al(t) = 0.
t»00
Corollary 2

Relation (2.5) also holds with ao(t) =t U'(t) for all ¥ (cf. Dekkers and de

Haan, th. Al and A3).

Proof
7 > 0: Relation (2.1) implies (cf. Dekkers and de Haan 1988, th. A.1)




Lim )7 U(Ix) - U _ xP -1
t>00 Y .a(t) -P

(2.9)

locally uniformly for x > 0, i.e.

. U(tx)—U(t)_xY—l} -1 Y L X’ -
@10 lim { S by Al TU() = e xT A

v = 0: Relation (2.1) implies (cf. Dekkers and de Haan 1988, th. A.5)

(211)  lim { 20X =U®) o0 x} / {a(t)LU ()} = + (log x)2/2
t+>00 t U'(t)

for x > 0.
¥ < 0: Relation (2.1) implies (cf. Dekkers and de Haan 1988, th. A.3)

() Y{U(c0) — U(tx)} - t T {Ufoo) ~U(t)} _ x P -1

2.12 li
( ) m -p

t>00 —7_l.a.(t)

for x > 0 locally uniformly, i.e.

,
(2.13) gg{_g“’(‘;)‘_‘”:z) -2 e st i) - U} -

for x > 0.
Lemma 2
If (2.1) holds with a + sign for v > 0 and a ~ sign for ¥ < 0, then given

€ > 0 there exists to such that for t > to and x > 1

l.y>0

~-p-€ _ _ Y _
(1-¢) x” X__F__e_l_ex‘r < U(t:())(t)v(t) _x . 1 } J ay(t) <




—6—

U(tx) - U(t)

a‘o(t) - log x} / a.l(t) <

(1-2¢)(log x)2/2 - 2 log X — € < {

(1+€)2 x° (log x)2/2 +2¢clog x + ¢

3.vy<0

-p-€ _ - Y _
(1-€) X7 x—_pT—I-- ex! < { U(t:())(t)U(t) X 7 1} [ a,(t) <

(14¢) X‘Y x—?;—];*' EXY.

Here a, and a; are as in Lemma 1.
Proof

For 1) and 3) see Geluk and de Haan 1987, p. 10 and p. 27. For 2) adapt the
proof of Lemma 3 in Dekkers, Einmahl and de Haan (1988).

Lemma 3
Y
Let Y1) <

function 1 - x1

< Y(n 1) be the n-th order statistics from the distribution
¥

(x > 1). If k(n) » oo and (2.1) holds with a + sign for ¥ > 0

and a - sign for ¥ < 0, then given € > 0 there exist 1, such that for n > Do,

i < k almost surely (n»00)
Ly=#0

Y /Y )
y a-i,n)/Y (n-k,n)
VE 2 (Y 0k )Y (0iyn) Y(nk,n)t (1) ( e - €]
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y
<W{U(Y(n~i,n)) ~ %) YooinY(nokn) - 1}

RN Y

Yoin)Y(a-kn) -1

Y \
VK a’l(Y(n-—k,n)) {Y(n—i,n)/y(n—k,n)} [(1+€) +ée]

-p—~€
22vy=0
VE ay(Y, (=208, /Y,y 0P/
-2¢€ IOg{Y(n—i,n)/Y(n—k,n)} - €}
uy . )-uy )
<yk{ 2-La (0K 1ogy . —logy o)<
an(Y ) n-i,n n-k,n
0' "(n-k,n)

2 € 2
vk al(Yn_k’n)[(He) {Y(n_i’n)/Y(n_k,n)} {l%(Y(n_i,n)/Y(n_k’n))} /2

+2¢ 1°S{Y(n-i,n)/Y(n—k,n)} + €]

Proof
This is a straightforward application of Lemma 2, taking into account that

Y(n—k,n) + 00 (n+00).

Corollary 3
Under the conditions of theorem 1 for each € > 0

- U(Y

sup S‘Y+€ V‘E (Yn;[kS],n)

¥
n—k,n) _{Y(n—[kg]ﬂ)/y(n-k,n)} -1 +0
O<s<l ELARN) 7

(n+00) in probability.
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Proof
The conditions on {k(n)} imply (cf. Dekkers and de Haan 1988, proof th. 2.3)

lim VE(n) a, (ﬁﬁ—)) =0.

n-»>00

Since 111-1: Y(n-k(n))' l%l—) = 1 in probability (cf. Smirnov (1949)) and

a, € RVO’ also

1

Lim VE(m)ay (Y 4oo0)=0.
n-»00

Further by D. Mason ((1982) theorem 3)

{Y /Y Yy P o
Y (n~[ks],n)" " (n-k,n)
(n'[ks]an)/Y(n—kan)} [(1+€) [ ~p+€ j]

sup s7+2s {Y

O<s<1
is bounded (n»o00) in probability and so is

14+2¢ 2 € 2
o & MY o fksgn) Y (nckn)) OB (0 fks), ) Ynokm) V72 *

+ 2¢ log{¥,_tisp,n/Y(nk,n)} * €)

The left hand bounds are treated similarly.

Lemma 4

There exists a sequence of Brownijan bridges Bn( y) such that for y < 1

VEh Myl =1 ey -1
sup [VKh,(y) . -t —— 1~ B, (y)| » 0 (ko)
O<y<1 Y { Y Y k

in probability with hy(y) = (1—y)7+1.

Proof
Cor. 3.2.1, p. 27, M. Csorgo (1983).




. —— e

Proof of theorem 1

1. Combine Corollary 3 and Lemma 3, further note the distributional equality

1 k-1
1= Wikeigti=r

It remains to show that

{ X(n-—Lks],n) - X(n—k,n) }g{U(Y(n—Jks],n)) - U(Yn-k,n)}

(1-F(X__, )/F'(X Uy )

k,n) n-k,n) Y(n—k,n) n-k,n

with {Y(i n)}lil—l as in Lemma 4. For the numerator this is obvious. For the
, =

denominator note that
{1-FUWHF(U(y)) =y U(y).
2. It is well-known (Smirnov 1949} that
R := VK {-‘5 Y -1}
n’ n (n-k,n)

converges in distribution to a standard normal random variable R, say (nsoo,
k = k(n)/n » 0). Hence

Uy

n-k,n) ~ U(E) 1+R“NEU'(II;1’S)
1 0 =Vk 1 U (R
- U ()

ds»R

in distribution.
3. Follows immediately from Corollary 3 and the reasoning under 2.

Remark

It is possible to formulate the convergence towards the Brownian bridge in one
of the other forms given on p. 26/27 of M. Csérgd (1983). This then allows us
to infer the asymptotic normality of Hill’'s estimate for the in.:x of regular

variation (Hill (1975)) via an invariance principle.
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Theorem 2
Under the conditions of Theorem 1
X - U(3)
sup VFs7+1 (n—-[ks],n) k 1 -5 } {B_(s)+ R } >0

O<s<1 {-:- U’(E)

in probability (n»oco), where {Bn(s)} and Rn are as in Theorem 1, Rn » R,

standard normal, and Rnand {Bn(s)} are asymptotically independent.

Proof

n
vk T+l X(n—[ki],n) B U(E) 1-s77 _
s DR + 7 -

kW (®

n
gwsYH{U(Y(n—[ks],n) - U(]E) +1 —Ys—‘r}

T
VESY'H [Y(n—k,n) U’(Y(n—k,n)) fU(Y(n—[ks],n)) B U(Y(n—k,n)) +1 -7
B y(®) Uy oy ) v
) T (n-k,n) n-k,n

n .0, k Y
-5 EVRG Yakn) ) 1-
7 U7y U(Y ) ( Ykl
(n'kan) ( (n-ksn))

n-k,n

uk) - Uy )]
£ U

We now investigate the asymptotics of the various terms.

Ty

1—7 n,l-y. n
{ E U’ (E) ( L—k n)) —VFa 1(n) (n kn)U (Yn k n) - (g Up)
(n—k n)U (Y(n k n)) 1(1?) (n-k n) Uy (n-k,n))




-11-

1-y , n,l-v..,n
Yk Yok - @ Vig)

a(p)

~ofl) . + 0 (n>00)

in probability by (2.1), since ; Y4k > ! (2>00) in probability.
In particular

Y(n—k,n) ) U'(Y(n—k,n))
n P 1}
SRR

> 1 (n>00)

in probability. Next (note that this term is zero for ¥ = 0)
VE(EY -y VEgEY L -1 a7 R
n (n-k,n) = n (n-k,n) LA

n>0o (cf. proof of Theorem 1). Finally as in the proof of Theorem 1

U(Yn—k,n) B U(E)

T

R

(n+00) in probability.

Remark
The differentiability of F is not required for Theorem 2 and part 1 of Theorem

1: condition (2.5) suffices.

References

M. Csorgd (1983) Quantile processes with statistical applications. Soc.
Industr. and Appl. Math., Philadelphia.

A.LM. Dekkers and L. de Haan (1988) On the estimation of the extreme-value
index and large quantile estimation. Submitted.

A.LM. Dekkers, J.H. Einmahl and L. de Haan (1988) A moment estimator for the
index of an extreme-value distribution. Submitted.

'
-




e A r e = g

-

-12-

L. de Haan and S.I. Resnick (1981) On the observation closest to the origin.
Stochastic Processes and their applications 11, 301-308.

B.M. Hill (1975) A simple general approach to inference about the tail of a
distribution. Ann. Statist. 3, 1163-1174.

D. Mason (1982) Some characterizations of almost sure bounds for weighted
multidimensional empirical distributions and a Glivenko-Cantelli theorem
for sample quantiles. Z. Wahrscheinlichkeitstheorie verw. Geb. 59,
505-513.

S.I. Resnick (1987) Extreme values, regular variation and point processes.
Springer Verlag, New York.

N.V. Smirnov (1949) Limiting distributions for the terms of a variational
series. In Amer. Math. Soc. Transl. Ser. 1, no. 67.




‘98 “ideg ‘sowds 1ieqiH [WOJUOUEO sajlippe L{ei1julj uwo
SRIROINO [VOOJUSEIP 93 JURJUL Pue Jeded o, seley pUY N WO syIWES: emOp “andmRpIIvY ‘9 ‘08g

‘8861 "Iy
‘898890014 I1ISWI0IN JO SSSUPEPUNOG-({ ‘Z) ‘EsSUPSPUNOQ-) 43 }] FqeZIUCRINY ‘94pnoy D “6ET

‘88 “Iny ‘BIW0Ioun; peziiwieusS jo sowds
® U0 UOLIWNbe [WFIUSIN;IIP ITISWPR0IS edii.ujseluwy ¥V ‘wwOIIN ] puUs Indusiy Wy ‘D ‘8CT

‘88 "B ‘Xepu] [WES13%e 31 BUTWIEOUO S[dNXSISITNGD Y ‘PN T°8 LT

‘68 By ‘Lyysueiuy
Gmf (9001 YIga WNIpew WOPURS U] SSe00sd WOTSN{INe eSkuma 9P ¥ Uy 'UNW({ ‘T 9T

88 A[of
‘SIOPOR ASU S0S PUR LoAiNS ¥ :5985000id SIQWIS JO SMIVISURII SIQESSINDY ‘SIUNQER) ‘g ‘GEZ

‘ ‘899 Ainf “secwnds
h’-ﬁl%n—l‘ﬂ-!ﬁlﬁos-lzun.ui-o-....n.!«-.n.§=¢u.u.§

*98 Oo ‘(1) seesnh up suojiwwixosdde 95 wa3 IuBIT ‘Iyeloy L ‘Aeyw] O B> 4

‘g8 My ‘seinsusm wOpumI UOSSFOJ £q UsALIpP UOjIwNbe tejIunIng 1p
95I0WD038 PON[TA-208dS JESIIM ¥ ‘USIUNRIGNOSNRY ‘S pue sndueiiisy ‘9 ‘Apawy ‘9 ‘T

‘88 -idy ‘sesssdoud
SIQISTAIP A[®IIUFJUT jO GOFIN[FI60 o3 W) ‘RSUISOY ‘[ puw wwIoy ‘d °f ‘syumE) ‘g (€2

'GP "Mdy ‘SUDTIDILISEL UWOTIVI[IOSC PIIW Jepun ssousnbes
Aresopinie 103 8989000sd 3ujod eouUBpEsS U) ‘awpedoSepuny g PUS 30133qpeN] ‘YN ‘OCC

‘g9 -ady ‘swerqeid sweuj] pesod-{{} 10 ssywmiise [emo3oung uy ‘wiolilg ‘¥ ‘6T

‘898 °Juy ‘sessecoid uejesnwy LIWNOIImys
30 SUOIISUNR} 10306A JEEUT[UOT JO UOIINQEIINIP IAIIINFT ‘ung "O°L PUS o4 ‘O°H "GTT

: ‘88 ‘Jwy ‘suoyiwqiniied
gl«!-oju‘.?-ﬂu-uitunuvi-uSo~o=3u3§o cﬂ...—.ol!._.._..pn«

cdepdde 03 ‘MI11OQOLY (WY ‘9§ " ‘[WIINIU] SIqEIS-D Ofs3smals
sfdyatnm ¥ JO [3¥3 o3 JO wojIwn{was Sjioidulew Uy ‘whinzg ‘[ puw eI uposowsg ‘9 ‘9Lz

‘88 "qe4 ‘SuCIIENbe UOTINTOAS DTISWOOIS Pen[vA

S0wds J9S[ONE SO WSSO ¥ JO SUDEINIOS PESI[WIGURY *IAFIS0J0D D] Puw usaw] ‘Y'q ‘SLT
quedde 01 ‘GBSL ‘SP12)4 19 oMY ‘qo4d ‘B8 "qe4 ‘sessescad

£ry1 pus wossjog 03 3cedes: WIiA wopIRiBeIuy e(dia[ny ‘eS[rIE ‘[ pus SIeQUSIINX ‘Q ‘$ZZ

‘88 Qi ‘sssse00id-yoiw 01 suUOTIEIj[dde 3 ja UoF3enbe SQUBINS TP D1ISWD0IS B O3
SUOEINIOS JO JINOTANISQ [WNSLIXT ‘SOLIA 8P "D PUW UPZI0OY ' “}OFusey “[°§ ‘UeNH Op T €T

‘08 "4

‘souds [wuorIounj pezi[uieuss w U0 woj3wnbe ujAsSuw] o3 O uUNLINn(Oos Yooy ‘wwollN ‘I ‘SEE
“Jendds @3 °°jouy MIDYUDANIING ‘f
‘88 "usf ‘Bujiei[}; SIOU SIIYA SAFIIPPE A[ITULS U uSFIWIDedNe [WUOF3 FPUGD

"R jo s9713110dod SSAU(I00NE ‘swIpuURIwY Ty PR JnduepTiwY ‘D ‘exong ‘dH I

"898 “unf* ‘s;uswsidu; Livuojiwis
QITA 30888001d @[qEIS JV[THES-I08 JO Sessu[O OAL ‘wNIfUEY ‘) PUS STUNQER) ‘S "0ET

L8 "o ‘SUOIINQIAISIP JO SOf[[ENS pelspio PuR se(nt Supddonrg ‘seqivg ‘[ GIC
‘18 "9%Q ‘syicalsu Jurenend puw sessecosd acyswy jO STEU0IINM; WSSO ‘Ox0jieg 'Y ‘SIT

*swadde 03 *‘1ddy ‘304 23ISTPOIS I8
*oa( 'XBpUL [eWSJIXP Yija seousnbes LIwa0[IwIs U seouwpescke [eAs] WOIR ‘mpndy ‘L'H CL1e

*{worIvia988q) 19 A0y ‘sessecosd
o[qwis Lq PeINpUl SEINSPeW JO USII;SOdMOOep srdiseqe] WO Apras ¥ ‘senbawy N 91

‘L8 TAoy °28638001d AISUOTIRIS 10] SEINGUAE WOPUEI SOUNPSIND 3 W) °I8330QPErY ‘AN 91T
(Posiasg) gg eumf *suoJIWO)[dde swOs YA RISNIU] SINSWEESQ SO3ONA VY ‘pipoogf D BIT

‘18 330 ‘wojiwmixoidde vOSSiog
30 POISE UXD)-ueIS O3 VIA secusnbes juspusdep 10j Lioeq: enfma oWBIIXY ‘WItwg 'T°X €I

‘18 *190 ‘wojIwnbe Iwey o3 puw ‘sotid [Iooms ¥ WIja
880001d JeuSlp ¥ O 3JHIP Y3 20j m3503 [wjauenbeg ‘my X PuB ow] D°L ‘SWSNIS ‘D FIT

L8 "390 ‘suoj3wnbe [U5IUSIe;JIP 03 supfIwosTdde
$3} PUR S3US(D1}5000 BOISN}SIP ervisuslep ata worIwnbe uemyTeg pemiey ‘yywsting N CIIE

~desddn 03 9861 ‘MI31IqMOLd Wy I8 “Ideg ‘mesoeqy b i i B Ao
o3 Ul eousBIeAU0d O SSIBI PUS EITIIN UOTIN[OAND) ‘Pl 3l PuR Aoy ‘1°g ‘OIZ

‘48 "1deg ‘S{eAS[ eowmOIjjulis pealesqo pum serns Supddesg ‘1eqIng ‘f -GOC

'8 ‘ideg ‘wopimEpiuvend pus Sujjdess £Q 310313} JO WOIIWMIndw) ‘ariojITescy ‘N'Y ‘GO0E

‘18 "19eg ‘538300014 S[QISIAIP AI#3FUIJUI UIRIIeD jO sejrsedosd wyed WY ‘pyewseoN ‘[ L0
‘18 "3deg ‘S{T®3 WOEIN[EANO JO WOIWNEIST ‘SUMSTTIA X ‘90T

*18 "3deg ‘Lsoeq enyma smeiixs WP SuojIvapNOaddy ‘qitNg Ty 'QOC

‘TLZ-LET ‘8861 L1 ‘wolimEiwnidg ‘g -1ddy 18 -ideg ‘sepulusisen penyes eowds
J90[O0 4Q USATIP FUOIIEABS UDTINTOAS DJISWPDOIG ‘BEIQY-EIN] ‘A PER dUNIITEX ‘5 ‘POC

‘18 "1dag ‘sessecoid Aoyswy SlqWIs W) ‘Ays)jupoiowmg ‘9 puw STINqED) g ‘MteY [ Y e
"CBL-0ST_ ‘9851 ‘8¢ “1dly ‘J04d I33eMpoilg ‘18 “Swy ‘ssssscosd

SIqUeRuWIXe 10) Ti831id SIUSEINAUCO puR sssusnbrun [wotomsutp-ou) ‘Ssequeiwy "0 ‘98
o' -'

‘898300014 S1qWMIT JO SHINTIURLY JRTRIULS PUR STQISETNPY ‘STUNERD g pus oorhavy ‘n 108




